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fhgjilknmKoqpUrsmKputOv3rxw]putlpUmjylr{z�|}oj|}pUrs~���knmKo��K�KputApUrsmKpUiO��rsmnrs�qrsput#knmKoji������c|}pU�qiA�Gi��Y�}�n����t#��pu��putly�pUrx�
|sknmKo�pUmjyl|sz�mKo�pUrsmKpUi���puylz�|s|si�ylz���pUiu���Kput	z��?pUrsmKpUm��0mn�Kp�o�pu�K�n�n|}y�z��?z�mn�Kput#pUm�put��nr}y��uy��"rst#�] 
o�pUil~��j�"knmKo�pUmKpUi	¡¢pUrs|
WYXEWYXs£¥¤5¦Y§c§
¨ �n�ntl�U©nrs�qz�ylrs�jm	�Kput�fªgji#knmKo3�nkKt�~#��fhrsmKpUz�t#���j���crsmnz�ylrs�jm«pUmn�n|{rs~#�«�¬rspU|}put®®pUi�y�¯°knmK�¢ylr}�jmKpUm ∑

i ϕi

⇒
f®rsmKpUz�tlpUi²±S|}pUrs~#�¢knmKojili�³Ki�y�pU�´�9tl�Gz�tlylknmKo�pUm�z�mµ�nr}p�®pUi�y�¯°knmK�¢ylr}�jmKpUm

ϕi :

¶ �"ojkKy"��putlpU~#�KpUm��cz�t8knmn���qrsmnr{�qr}putl�cz�t
· �.z�|s|}o�pU��pUrsm¸o�pUm¢kKo¹kn�ºilrs~��	»¼pU�Kput²��g�oj|srs~��KpUmµfªgji#knmKoji�¯½knmK�¬ylr}�jm¾z�mK�Uknmn���Kput#m

WYXEWYXs¿¥À	Á�ÂN§n\UÃcÄªeRÅ
Æ]kn�Ç�0pUr{i��cr}pU|ª�qrsyG�Kput3�µpuyl�K�K�Kp��Kput.È�rsmnr}y�pUmÉ�0|}pU��pUmjy�p
ÊÉËEÌ�Í¬Î°ËxÏ����0pUz�~��jy�pUm<z�kni.�)pU|s~#�KpUm¾Ð"��kn��pUm¾�nr}p	hpUi�y¼�Aknmn�¾fªgjilknmKoji�¯°knmK�¬ylr}�jmKpUm����j�q��pUm�v.p��
���jmnily�t#z�ylr}�jm��Kput.pUrsmK�upU|smKpUm�¡¬~��Kt#r}y�y�p	z�mn�nz�mn�¾�KpUi3¡¢ylkKt#���Ñf®r}�jkK�¬r{|s|}p��ÑÒ9t#���c|}pU�qiu�
u
rsily��nrsp¹o�pUi#kn~#�jy�p�fªgji#knmKo

f
r{i�y�o�puo�pu�MpUm]�0puyÑ�Gz<�nr}pµ�µpUi#i��0put#y�p

p
�
q
�n��mKo�pUm����j�2»¼pu�)pUrs|sr}�

o�pUm<Ò=tl���c|}pU�Óz��Y�Y��r}t8ilkn~��KpUm�z�|si��É�nr}pqfhgjilknmKo
u
�KpUi8f®rsmKpUz�tlpUmÔÈcknmK�¬ylr}�jmnz�|si

Lu = f
�Yv²put

ÈcknmK�¬ylr}�jmnz�|}����put#z�y���t
L
pUm�yli��nt#rs~��jy3�nr}put"�KpU�´¡¢ylkKt#���Ñfhrs�jkK�¬rs|{|}p��ÑÒ9tl���c|spU�É�

− d
dx

(p(x)du
dx

) + q(x)u = f(x)��r}yA¯5�j|so�pUmn�KpUm�Ð"z�mn�K��pU�nrsmKojknmKo�pUm
u(0) = 0

knmn�
u(π) = 0

�
H0 pUmjyl�n��|}y²z�|s|}p8ÈcknmK�¬ylr}�jmKpUm]�Y�nr}pAÕ9ÖRË½ÎÑ×SØAÖ�×�ÙEÏ�Ë'×8�nz���pUm]�

‖f‖2 =
∫ π

0 (f(x))2dx < ∞

H2
B

pUmjyl�n��|sy¸z�|{|}p�ÈcknmK�¬ylr}�jmKpUm]�O�nr}p¾i�pU|}�ci�yu�Gi��_�"r}p�r{�Ktlpµput#i�y�pUm�knmn���u�0pUrsy�pUm ¨ �c|}pUr}ylknmKo�pUm
Õ9ÖRË½ÎÑ×SØAÖ�×�ÙEÏ�Ë'×«�nz��MpUm]�

‖f‖2 =
∫ π

0 (f(x))2 + (f ′(x))2 + (f ′′(x))2dx < ∞��r}t)�nz��MpUm
u ∈ H2

B

knmn�
f ∈ H0 �¬�nz�ili)�KpUr}Ú�y)�nz�i0o�pUilkn~��jy�p�f¾i��j|s|RpUrsmKp ¶ � ¶ ¨ �n�cr{|s�nknmKo«���jm�KpU�ÇpUrsmKpUmµÐ"z�kn�ºrsmÉ�KpUm�z�mn�Kput#pUm�i�pUrsm]�

Û.Ü
H2

B → H0v3z�i3¡¢�Ýz�|sz�t#�ntl�¬�nkK�¬y"¯°�Kt"i��j|{~#�Kp«Ð.��kn��p�rsilyA�"r}p3¯5�j|so�yOo�puo�pu�MpUm]�
〈f, g〉m =

∑

a≤m

∫ π

0 f (a), g(a)dx

¶
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Æ]knmn��~#�ni�yS�)�j|s|}pUmµ�"r}t"pUr{mn�qz�|h�nz�i3Ò9t#���upU�Kputlp��Kput ¨ �n�ntl�U©nrs�qz�ylrs�jm�pUr{mKput²fhgjilknmKoji�¯°knmK�¢ylr}�jm
u
�nkKt#~#�ni��crspU|}pUm]�

¡¢pUrspUm
p
knmn�

q
���jmni�ylz�m�y3r{�Ç¡¢ylkKt#���Ñfhrs�jkK�¬rs|{|}p��ÑÒ9tl���c|spU�É�

− (pu′)′ + qu = f¨ |siO®pUi�y�¯°knmK�¢ylrs�jmKpUm��G���n|}pUmÉ�"rstO�nr}p8�=r}o�pUmK¯°knmK�¬ylr}�jmKpUm]�
Lun = −pu′′

n + qun = λun®pUi�y�¯°knmK�¢ylrs�jmKpUm]�
un (x) =

√

Π
2 sin

((

n − 1
2

)

x
) putl¯°�n|s|}pUmÉ�nr}p8Ð.z�mn�K�MpU�nr{mKojknmKo�pUm]�

un (0) = u′
Π = 0�nrsp��nz��UkKo�pU�Kg�t#r}o�pUm��=rso�pUmj�)putly�p��

λn = p
(

n − 1
2

)2
+ qïë��t#y�pUrs|E�

un

��tlyl�K�jmK��t#��z�|E� ∫ Π
0 un (x)um (x) = δnm

��r}t¸mKpU�n��pUm�z�m]�)�nz�i#i¹z�kn~���¯SpUrsmKp¾f®rsmKpUz�tl���j�«�crsmnz�ylr}�jm��Kput
un

rsi�yu�
f (x) =

∑∞
n=0 anun�.rsili�pUm]�

f ∈ H0 ⇒ f
�nz�yOðRmnr}y�p«�=mKputlojr}p

∫ π

0 (f(x))2dx =
∫ π

0 (
∑∞

n=0 anu2
n)dx

=
∫ π

0 (
∑∞

n,m=0 anun)dx

=
∑∞

n,m=0 anam

∫ π

0 unumdx
�)puo�pUm¾ñ3tlyl�K��o��jmnz�|sr}yl��yu�

=
∑∞

n=0 a2
n < ∞

òjpuy��uy"pUmn�n|sr{~#�]��ó�ô�ÖcõâÎ°Ùâö¢÷�Î°Ë°ô�ÖÔ���jm
u

f =
∑

anun; Lu = f ; Lun = λnunø�ù¢×#×��
u =

∑

bnun

Lu = L(
∑

bnun) =
∑N

n=0 bnλnun =
∑∞

n=0 anun = f

⇔
∑N

n=0 bnλn = sumN
n=0anun

⇔
∑N

n=0 bnun =
∑N

n=0
an

λn

un

⇒ u =
∑N

n=0
an

λn

unfhpuy��uy�put²®put#�úp�©nrsi�ylrsputlyGylz�ylil��~#�n|sr{~#�]�Y�nzqil~��K�jm ∑∞
n=0 a2

n < ∞
���jmj��put#ojr}putlyu�

û"ü�Ù�üjùjôUýh�ª�=i²�"r}t��µm�kKt
f ∈ H0 o�pu¯½�¬�Kputlyu�Yz���put f = limN→∞fN

rsi�yS±²tlpUmK�u�)putly3���jmÔÈcknmK�¢�
ylrs�jmKpUm�z�kni

H2
B

�
fN =

∑N
n=0 anun ∈ H2

B

�
¡¢�j|{z�mKo�p¸�nrsp¹Èn�j|so�p¹pUmn�n|{rs~#�þrsi�yu�®�c|}pUr}��pUm��nr}p¸Ð"z�mn�K��pU�nrsmKojknmKo�pUm�put#�nz�|}y�pUm]��o�puo�pUmÿknmKpUmn�n|srs~#�
�)put#�KpUm�ilr}p8rsmni�ylz��cr{|E�
���������	�
�	������������	� Ü
�)pUr8Ð.z�mn�K�MpU�nr{mKojknmKo�pUm]���nr}p ¨ �c|}pUr}ylknmKo�pUm��K|}pUrsmKput�z�|si

s
�qrsy�pUrsmj��pu�Ur}pU�KpUm]�3�qz�~#��y�pUi¾¡¬r{mnm]�

�nrsp3fhgjilknmKoji�¯°knmK�¢ylrs�jmKpUm�rsm
Hs �Uk¸�)���n|spUm]�cfªgjilknmKoji�¯°knmK�¬ylr}�jmKpUm�r{m Hs �qr}yA�)pU�nrsmKojknmKo�pUm��nr}pñ3t#�nm�knmKo�pUm

s
�K�Kput.�Kgj�Kput²pUrsmj��pu�Ur}pU�KpUm��0put��KpUmÉ�MpUr

N → ∞
rsmni�ylz��crs|��

u =
∑N

n=0 anus
n (x) � �

WYXEWYX����S§����]^{e�¦�ÄªeRÅ�ÃcÄªÁ Z�^{e]^{ÁÔ^d§��#ÄªeRÅªÂ����¼[ �"!d§]Á
��r}tS�)�j|s|}pUm¾�upUr}o�pUm]�hv3r}p�fhgjilknmKo��Kput�|sr{mKpUz�tlpUm<±3|}pUrs~���knmKo�f®k�#²¯=pUm�yli��nt#rs~��jy��Kput8fªgjilknmKo��Kput
�KpUi%$¢knz��Kt�z�ylrsil~#�KpUm�ÈcknmK�¬ylr}�jmnz�|siU�RpUrsmKpU�Ç��rsmnrs��r}put#knmKoji��ntl���c|spU�É�
I (v) = 〈Lv, v〉 − 2 〈f, v〉

·
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��r}t¹�upUr}o�pUm��nr}pÔ�=mjylil�ntlpU~#�¢knmKo�p�©KpU���c|sz�t#rsi#~#��rs� ¶ v"�ÑÈRz�|s|E�
I (v) = Lvv − 2fv dI

dv
|v=u =

2(Lu − f) = 0
¯½z�|{|si

u
�qr{mnrs�qr}putlyA��z�m�ilr}pU��y

⇔ Lu = f� ¨ ~��jylknmKo)Dª��r}t"|}pUrsy�pUmÉ�nr}put.mnrs~��jy.�"r}pSo�pu�)gj�nmn|srs~#�¾z��Y�M�nz
v
��pUrsmKp�ï9z�t#rsz��c|}p«�"r}pS��pu�Ýz�mnm�y²rsilyu�

i��jmn�Kput�mµpUrsmKp�ÈRknmK�¢ylr}�jm"D�D]v	� �]�R�"rst)��pU�nz�mn�KpU|sm¾�nr}putOï9z�t#r{z�ylr}�jmKpUm"D�D �v	� �]�¢�nrspOfªgjilknmKo	�KpUi0��rsmnrs�qr}put�knmKoji��ntl���c|}pU�qi=rsi�yëz�kn~#�¹�nr}pOfªgji#knmKo«�Kput0v3rxw]putlpUm�ylrsz�|}oj|}pUrs~���knmKo
Lu = f

¨ kni"�KpUm��=r}o�pUmnil~��nz�¯5y�pUm�pUrsmKpUi²��rsmnr{�qr}putlpUi)��gjmnmKpUm��"r}tApUrsmnr}o�p��"rs~#��ylr}o�p�Ð"pUilkn|}ylz�y�p�¯½�j|}o�put#m]�
¡¢pUr

u
��rsmnrs�qrsputlputO���jm

I
�M�nz�mnm���gjmnmKpUm��"r}tOknmni3z�kni9»¼pU�Kput3Ð"rs~��jylknmKo

v
mn���Kput#m]��il�¬�nz�ili.ojrs|}yu�

I(u) ≤ I(u + εv) = 〈L (u + εv) , u + εv〉 − 2 〈f, u + εv〉
= I(u) + 2ε [〈Lu, v〉 − 〈f, v〉] + ε2 〈Lv, v〉
ε
��pU|sr}pu�crso�o�pu�G���n|}y8�)put#�KpUm]�h�nz�i8�KpUrsÚ�y8rsmni���pUi��jmn�Kputlp�mKpuojz�ylr}���E²�Ó�nr}pFE²mKoj|}pUrs~#�¢knmKo��Uk�o�p��

�G���Kt#|}pUrsily�pUmµ�«kni#i"�nz��qr}y
〈Lu, v〉 − 〈f, v〉 = 0 ⇔ 〈Lu, v〉 = 〈f, v〉

o�pU|}y�pUm]�
v3z�iOpUm�yli��nt#rs~��jy3�KputHG�IKJ;L2MNI-J �	�POQ�RK�TS ���U��R-S@�@� �
〈Lu, v〉 = 〈f, v〉 ∀ v ∈ H

WYXEWYXWV�XZYQÄY^a`cb;!d§]eMÃ<¦ª§"�H[]\N^�_�b�\�^M§]ea`R[b�#Á�Ä"!}^d§"�#ÄheRÅ�ÃnÄ�dc�^feA§"� §YeR\_^db;!aÅ@!d§M^g\�^ªÄheRÅ
òjpuy��uy"�upUr}o�pUm��"r}tU�n�nz�ili"pUiOo�pUm��Ko�yS�nr}p8fhgjilknmKoji�¯°knmK�¢ylrs�jm¾k��K�Mput²�nr}p�il~��j�Gz�~#�Kp�Èn��t#�	kn|sr}put#knmKo
�UkÔilkn~��KpUm�knmn���nz�ili8�nr}p�i��j�qrsySo�pu¯½knmn�KpUmKp¹fªgjilknmKo¾z�kn~#�<�nr}p�o�pu¯½��t#�Kputly�pUm��)pU�nrsmKojknmKo�pUm�putl�
¯°�n|s|}yu�
¨ kni�¯°�n�Kt#knmKo¹z�m��KpU�2¡¢ylkKt#���Ñf®r}�jkK�Krs|s|}p��ÑÒ=tl���c|}pU�É�
〈f, v〉 =

∫ π

0 f(x)v(x)dx
〈Lu, v〉 =

∫ π

0 [−(pv′)′ + qv]vdx
=

∫ π

0 −(pv′)′dx +
∫ π

0 qv2dx →
�cz�tlylr}pU|{|}pih m�y�puo�t#z�ylr}�jm

= −pv′v|π0 +
∫ π

0 p(v′)2 + qv2dxpUi"ojrs|}y
−pv′v|π0 = 0

�)pUrs|
v ∈ H2

B → v′(π) = v(0) = 0
�

=⇒ I(v) =
∫ π

0 [p(x)(v′(x))2 + q(x)v2(x) − 2f(x)v(x)]dx

h¼m��nr}pUi�put8Èn��t#�	kn|sr}put�knmKoÉ�"r}t#��m�kKt��nr}p�put#ily�p ¨ �c|}pUr}ylknmKoÉ��pUmKg�ylr}o�yu�ªpUi3|srspuo�y3z�|{i��¹mnz��Kp�rsm
H1

Bmnz�~����Kput"fhgjilknmKo��Uk�ilkn~#�KpUm]�
=⇒

��r}t�mn���Kput#mÿknmni	�qr}y«®pUi�y�¯°knmK�¢ylrs�jmKpUmþz�kni
H2

B

pUrsmKpU�
v ∈ H1

B

�Q�0����pUr0�"r}t8¯½pUi�yli�y�pU|s|spUm
�)put#�KpUm]�]�nz�iliO�"rst"m�kKt²pUrsmKp«�Kput.�MpUr{�KpUm�Ð"z�mn�K��pU�nrsmKojknmKoÉ¯°�Kt

v
¯5��t#�Kput�m��	�nili�pUm�knmn���)pUmnm

v�Kput3��rsmnr{�qr}putlputArsi�yu�nput²z�kn~#��rsm
H2

B

|srspuo�pUm¸�"r}t#�]�
��r}t"ilkn~��KpUm�z�|{i��

v
�qr}yu� ∫ π

0 (v′ − v′N )2 − q(v − vN )2 → 0
¯°�Kt

N → ∞

�ÔpUmnm��.r}t
vN (0) = 0

¯½��t#�Kput#m]�ë�c|}pUrs�ny��nrspUi�put�Ð"z�mn�K�)putlyq¯°�Kt
v
put#�nz�|}y�pUm]�9�nz

v ∈ H1 �°z�|{|x�
o�pU��pUr{mKp�ÐOpuo�pU| � �
v′(π)

�"rst#�¸�Kput²��rsmnrs�qr}put#put)put#¯½�n|s|spUm]�
¡¢pUr

u
��r{mnrs�qr}putlputG���jm

I
�R�nz�mnm���gjmnmKpUm��"rstOknmni"z�kni�»�pU�Kput.Ð.rs~#��ylknmKo

v
mn���Kput#m]�Mil�¬�nz�ili"ojrs|}yu�

I(u) ≤ I(u + εv) = I(u) + 2ε
∫ π

0 pu′v′ + quv − fv + ε2
∫ π

0 p(v′)2 + qv2

⇐⇒
∫ π

0 pu′v′ + quv − fv = 0
�)pUrs|

ε
�MpU|srspu�cr}o

j
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⇐⇒ 0 = 〈Lu, v〉 − 〈f, v〉
0 =

∫ π

0 pu′v′ + quv − fv →
�cz�tlylr}pU|s|}pZh¼mjy�puo�t�z�ylr}�jm

= pu′v|π0 +
∫ π

0 −(pu′)′v + quv − fv
∫ π

0 [−pu′)′ + qu − f ]v + p(π)u′(π)v(π)v3z��qrsy"�nr}pUi�put ¨ knil�Kt#kn~#�É�"r}tl�K|srs~��
= 0 ∀v

�R�	kniliOo�pU|sy�pUm
•

∫ π

0 −pu′)′ + qu − f = 0 ⇐⇒ Lu = f

• p(π)u′(π)v(π) = 0 ⇐⇒ u′(0) = 0 =⇒
· � Ð"z�mn�K��pU�nrsmKojknmKo

WYXEWYXWkml.ÄMÂNbªÁ�Á�§]e�n¼bRÂNÂjÄªeRÅ
¶ �O��rst.�nz���pUm�o�pu�upUr}o�yu���nz�ili²�nr}p�fªgji#knmKo¹�KpUi²��rsmnr{�qr}put#knmKoji��nt#���c|}pU�qi"z�kn~����nr}p�v3rxw]putlpUm¬�
ylrsz�|}oj|}pUr{~#��knmKo¸|}gji�yu�

· �"v3r}p«il~��j�Gz�~#�Kp�Èc��t#�«kn|{r}put#knmKo¹tlpUrs~#��y²z�kniU��kn�2�nr}p«fhgjilknmKo¸�KpUi3��rsmnrs��r}put#knmKoji��ntl���c|spU�qi
rsm

H1 �Uk¸ðRmn�KpUm]�
j �"È�rsmn�KpUmÔ�"r}t3i��É�nr}p�fªgji#knmKo

u
�]putl¯½�n|{|}y²i#r}p«�u�.rsmKo�pUmn�<z�kn~#���nr}p�Ð"z�mn�K��pU�nrsmKojknmKo�pUm�knmn�

rsi�yOrs� ��pUi�y�pUm�Ècz�|s|ªz�kni
H2

WYXEWYXWoqp.§]Á�§"�srMÄªeRÅ
v3z�ili«�nr}p�i���o�pu¯½knmn�KpUmKpUm�fhgjilknmKo�pUm�|spUrs�Kput�mnrs~��jy�rs�q��putS���nylrs��z�|=ilrsmn�]�®�nz�ili«�KpUrsÚ�y�z�kni

H2 �i#rsmn�]�c�upUr}o�y"�nz�i"¯5�j|so�pUmn�Kp«�)pUrsi��cr}pU|'�
p(x)

rs�Ç¡¢ylkKt#���Ñf®r}�jkK�¬r{|s|}p��ÑÒ9t#���c|}pU� ��gjmnmjy�p	��� �²�Rz�mÉpUrsmKpU� Ò0knmK�¢y
x0
mnrs~��jy²i�y�puylr}o�i�pUr{m]�bt ïëoj|E�

����t#��pU|spUr}y�¯½���nrso���pUr}y®pUr{mKpUië±3puo�pUmni�ylz�mn�KpUi=z�kniQ��put#il~��nr}pU�KpUmKpUm���z�y�put#rsz�|srspUm]�N��� �þ�qr}yu.�j|}���Yknmn�
��puylz�|s|si#~#�nrs~��jy�pUm�v
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